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ABSTRACT 

This  paper  presents  a  computer  simulation  showing  how  the 
gear  contact  ratio  affects  the  dynamic  load  on  a  spur  gear 
transmission.  The  contact  ratio  can  be  affected  by  the  tooth 
addendum,  the  pressure  angle,  the  tooth  size  (diametral  pitch),  and 
the  center  distance.  The  analysis  presented  in  this  paper  was 
performed  by  using  the  NASA  gear  dynamics  code  DANST.  In  the 
analysis  the  contact  ratio  was  varied  over  the  range  1.20  to  2.40  by 
changing  the  length  of  the  tooth  addendum.  In  order  to  simplify  the 
analysis,  other  parameters  related  to  contact  ratio  were  held 
constant. 

The  contact  ratio  was  found  to  have  a  significant  influence  on 
gear  dynamics.  Over  a  wide  range  of  operating  speeds  a  contact 
ratio  close  to  2.0  minimized  dynamic  load.  For  low-contact-ratio 
gears  (contact  ratio  less  than  2.0),  increasing  the  contact  ratio 
reduced  the  gear  dynamic  load.  For  high-contact-ratio  gears  (con¬ 
tact  ratio  equal  to  or  greater  than  2.0),  the  selection  of  contact  ratio 
should  take  into  consideration  the  intended  operating  speeds.  In 
general,  high-contact-ratio  gears  minimized  dynamic  load  better 
than  low-contact-ratio  gears. 

INTRODUCTION 

The  dynamic  response  and  vibration  of  a  gear  train  are  signif¬ 
icantly  affected  by  the  gear  contact  ratio  (Benton  and  Seireg,  1981; 
Kasuba  and  Evans,  1981;  Mizutani  and  Yuruzume,  1981;  Sato  et  al., 
1983;  and  Terauchi  et  al.,  1982).  However,  the  relationship  between 
dynamics  and  contact  ratio  is  not  completely  understood  for  the 
design  of  “quiet*  gears.  Before  the  contact  ratio  can  be  used  as  a 
parameter  for  gear  design,  its  effect  must  be  systematically  explored. 

The  contact  ratio  can  be  influenced  by  parameters  such  as  the 
pressure  angle,  the  tooth  addendum,  and  the  diametral  pitch.  Of 
these  parameters,  varying  the  length  of  the  tooth  addendum  is  the 
most  desirable  way  to  control  the  contact  ratio  without  increasing 
the  tooth  stress  (Staph,  1978).  The  contact  ratio  can  be  increased 
by  reducing  the  pressure  angle,  but  this  also  increases  the  tooth 
bending  moment  and  hence  the  stress.  Finer  pitch  gears  have  higher 
contact  ratios,  but  their  smaller  teeth  are  subjected  to  higher  stress. 


This  paper  presents  a  study  showing  how  the  length  of  the 
tooth  addendum  affects  the  dynamics  of  a  gear  set.  The  gear  tooth 
addendum  was  varied  to  create  contact  ratios  in  the  range  1.20  to 
2.40.  (This  range  is  slightly  broader  than  that  commonly  used  in 
gear  applications  to  allow  a  comprehensive  investigation.)  In  order 
to  simplify  the  analysis,  the  torque  and  other  parameters  were  held 
constant. 

Gear  dynamic  load  was  computed  by  using  the  NASA  gear 
dynamics  code  DANST.  Earlier  work  using  DANST  is  described  in 
Lin  et  al.  (1988,  1989).  Dynamic  load  and  dynamic  stress  predic¬ 
tions  from  DANST  are  validated  for  low-contact-ratio  gears  in 
Oswald  et  al.  (1991). 

Low-contact-ratio  gears  (designated  LCRG  and  defined  to 
have  a  contact  ratio  less  than  2)  were  found  to  show  reduced 
dynamic  action  as  the  contact  ratio  was  increased.  For  high- 
contact-ratio  gears  (designated  HCRG  and  defined  to  have  a  contact 
ratio  equal  to  or  exceeding  2),  the  relationship  between  dynamics 
and  contact  ratio  was  more  complicated.  In  general,  HCRG  per¬ 
formed  with  lower  dynamic  action  than  LCRG. 

ANALYSIS 

Gear  Geometry  and  Data 

Data  for  the  gear  set  used  in  this  study  are  listed  in  Table  1. 


TABLE  1.— GEAR  PARAMETERS 


Gear  type . 

Number  of  teeth  . 

.  .  Standard  involute,  full-depth  tooth 

Module,  M,  mm  (diametral  pitch,  P,  1/in.)  . 
P  nature  angle,  deg . 

Face  width,  mm  (In.)  . 

Deelfti  torque,  N-m  (lb-in)  . 

Stalk  tooth  load,  N/m  (lb/in.)  . 

Dampiag,  friction  of  critical . 

The  addendum  of  a  gear  tooth 

is  that  portion  of  the  tooth 

outside  the  pitch  circle.  The  standard  value  of  a  gear  addendum  is 
the  reciprocal  of  the  diametral  pitch.  In  this  study  tooth  addenda 
were  varied  from  70  to  153  percent  of  the  standard  value.  The 


Gear  I  (dnv«r) 


CQ  <-12 

Fig.  3.— Simple  gear  transmission  model. 


Fig.  1  .—Stiffness  variation  and  meshing  geometry  of  low- 
contact-ratio  gears.  Contact  ratio,  1 .668. 


j  f  |  _  [  2  -  Double  contact 

;  ^  1  r - ^  3  -  Triple  contact 


Gear  II  (follower) 


Roll  angle 


Fig.  2. — Stiffness  varialion  and  meshing  geometry  of  high- 
contact-ratio  gears.  Contact  ratio.  2.226. 


resulting  contact  ratios  and  tooth  stiffnesses  were  calculated  by  the 
methods  presented  in  Cornell  (1980/1981)  and  Lin  et  al.  (1988).  In 
this  study  the  contect  ratio  ranged  from  1.20  to  2.40.  This  range 
encompasses  both  low-contact-ratio  and  high-contact-ratio  gears. 

For  this  study  the  gears  had  no  profile  modification. 

The  meshing  geometry  and  corresponding  gear  mesh  stiffness 
for  a  typical  LCRG  are  illustrated  in  Fig.  1.  Similar  illustrations 
for  HCRG  are  given  in  Fig.  2.  According  to  the  literature  (Harris, 
1958;  Kasuba  and  Evans,  1981;  Kubo  and  Kiyono,  1980;  and  Sato  et 
al.,  1981),  variation  of  the  meshing  stiffness  is  a  major  source  of 
vibration  excitation  in  gears.  Changing  the  contact  ratio,  as  illus¬ 
trated  in  these  figures,  will  have  an  important  effect  on  the  meshing 
stiffness  and  therefore  on  the  gear  dynamics. 


Computer  Simulation  Model 

The  computer  program  DANST  employs  four  torsional 
degrees  of  freedom.  These  degrees  of  freedom  (depicted  in  Fig.  3) 
represent  the  input  (motor),  the  two  gears,  and  the  output  (load). 
The  computer  model,  which  simulates  the  dynamic  behavior  of  the 
transmission,  assumes  that  the  motor,  the  load,  and  the  two  gears 
act  as  mass  inertias  and  that  the  shafts  and  the  gear  teeth  act  aa 
springe  of  a  rotational  eystsm  (Kasuba  and  Evans,  1981;  and  Lin  et 
al.,  1988).  The  motion  of  the  system  can  therefore  be  expressed  by 
the  following  set  of  differential  equations: 


•A  ♦  ♦  jye^-e,)  =  tm 

(1) 

JA  +  *  *.,(6,-8*)  ♦  C,(i)tv6,-**A] 

♦  tyouwA-wi  -  yo 

(2) 

JA  *  +  W-e d ♦  c,<0[*A-*Al 

♦  KtmR^(Rta02-Rtfi1)}  =  -rfl( 0 

(3) 

jfiL  *  ♦  fuA-Oi)  =  -Tl 

(4) 


where 

8*»  et,  8j,  et 

angular  rotation  of  motor,  gears,  and  load 
(Overdots  indicate  time  differentiation.) 

Jn>  Jx,  Jjf 

mass  moments  of  inertia  of  motor,  gears,  and 
load 

c„.  C*,  Cf(l) 

damping  factor  of  shafts  and  gear  mesh 

stiffness  of  shafts  and  meshing  gear  teeth 

base  radii  of  gears 

y  y  y 

torque  from  motor,  gear  friction,  and  load 

t 

time 

For  the  dynamic  analysis  the  DANST  code  obtains  the 
system  natural  frequencies  (or  resonance  speeds)  by  using  an 
average  value  of  gear  meshing  stiffness  to  solve  the  undamped 
system  equations  of  motion.  This  average  value  is  computed  as  the 
sum  of  many  discrete  values  of  tooth  meshing  stiffness  during  the 
mesh  cycle  divided  by  the  number  of  mesh  positions  (in  this  case 
121)  in  the  cycle  (Lin  et  l  ,  1988). 

The  differential  equations  of  motion  are  solved  in  DANST  by 
a  fourth-order  Runge-Kutta  Nystrom  method  (Kreyssig,  1972). 

This  method  employs  a  linearized  iterative  procedure  that  involves 
dividing  the  mesh  period  into  many  equal  intervals.  Initial  angular 
displacements  are  obtained  by  preloading  the  input  shaft  with  the 
nominal  torque  carried  by  the  system.  Initial  angular  speeds  are 
taken  from  the  nominal  system  operating  speed.  For  steady-state 
operation  the  dynamic  motions  of  the  system  can  be  found  from  this 
iterative  procedure.  The  method  is  described  in  detail  in  Lin  et  al. 
(1988). 
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Dynamic  Tooth  Load  tnd  Load  Factor 

The  dynamic  tooth  load  at  contact  point  i  is  the  product  of 
the  relative  gear  tooth  displacements  (**,9,  -  R^Bj)  and  ^e 
corresponding  meshing  stiffness  plus  the  product  of  the  velocities 
(JfA  -  Rjbj  with  the  damping.  If  gear  1  is  the  driving  gear 
and  9  is  the  backlash,  the  following  conditions  can  occur: 

Case  (1):  -  R^Bj)  >  0.  This  is  the  normal  operating  case. 

The  dynamic  tooth  load  at  point  i  is  then 

(Wj,  -  cr^e,  -  *  (cp/^,6,  -  rJj,  (s) 

Case  (2):  (R^B,  -  J^Bj)  s  0  and  |^,e,  -  **Alt  4  a-  to  this 
case  the  gears  will  separate  and  the  contact  between  them  will  be 
lost.  Hence, 

(Wjt  =  0  (6) 

Case  (3):  (^,6,  -  R^B,)  <  0  md  |J^,Bt  -  RwBj  |,  >  S-  In  this 
case  gear  2  will  collide  with  gear  1  on  the  back  side;  then, 

-  (rp^a,  -  W,  *  «y,(*A  -  (7) 

After  the  gear  dynamic  load  has  been  calculated,  the  dynamic 
load  factor  can  be  determined  by  comparing  the  maximum  magni¬ 
tude  of  the  gear  dynamic  load  during  mesh  to  that  of  the  static 
applied  load.  This  comparison  indicates  the  instantaneous  increase 
of  gear  tooth  load  over  the  nominal  static  load  and  is  generally  used 
for  demonstrating  the  dynamic  action  of  a  gear  transmission. 

Harris  (1958)  and  Ichimaru  and  Hirano  (1974)  found  that  the 
dynamic  load  factor  tends  to  be  higher  for  lightly  loaded  gears  than 
for  heavily  loaded  gears.  Because  the  actual  dynamic  tooth  load  is 
the  product  of  nominal  applied  load  and  dynamic  load  factor,  it  is 
possible  for  a  lightly  loaded  gear  with  a  high  dynamic  factor  to  have 
either  a  lower  or  higher  dynamic  load  than  a  heavily  loaded  gear 
with  a  low  dynamic  load  factor. 

For  this  investigation  of  the  contact  ratio  effect  on  the  dyna¬ 
mics  of  spur  gear  transmissions,  a  constant  design  torque  of 
425  N-m  (3760  Ib-ft)  is  applied  to  the  system.  The  constant  input 
torque  eliminated  confusion  due  to  differences  between  the  dynamic 
load  factor  and  the  actual  dynamic  tooth  load. 


RESULTS  AND  DISCUSSION 

DANST  solves  the  equations  of  motion  as  described  previous¬ 
ly  to  obtain  the  dynamic  load,  the  dynamic  load  factor,  the  stress, 
etc.  For  the  investigation  reported  herein  the  dynamic  load  factor 
was  computed  over  the  speed  range  1000  to  14  000  rpm.  The 
results  are  presented  as  “speed  sweeps*  comparing  the  dynamic  load 
factor  for  various  gear  contact  ratios.  All  comparisons  were  made 
at  a  constant  torque. 

Figure  4  compares  three  different  LCRG  transmissions  with 
contact  ratios  (CR)  of  1.668,  1.754,  and  1.868.  Although  the 
dynamic  curves  exhibit  similar  trends,  their  magnitudes  are 
significantly  different,  particularly  near  the  system  resonant  speed 
(about  9000  rpm)  and  at  certain  submultiples  (particularly  1/2,  1/3, 
and  1/6)  of  the  resonant  speed.  Note  that  as  the  contact  ratio 
changed,  the  system  natural  frequency  varied  because  of  the 
changing  average  stiffness. 


Fig.  4 — Dynamic  load  factor*  for  tow-contact  ratio 
gears. 


Fig.  5. — Dynamic  load  factors  for  transition  from  low- 
contact-ratio  gears  to  high-contact -rain  gears. 


For  LCRG  the  dynamic  load  factor  generally  decreased  as 
the  gear  contact  ratio  increased.  This  phenomenon  was  most  promi¬ 
nent  at  the  main  resonant  speed,  near  9000  rpm,  and  at  one-half  of 
this  resonant  speed.  The  gears  with  the  highest  contact  ratio 
(CR  as  1.868)  had  lower  dynamic  load  at  higher  speeds.  We  believe 
that  this  effect  is  due  to  the  very  narrow  band  of  single-tooth 
contact  being  passed  so  quickly  during  gear  rotation  that  the  system 
could  not  respond  until  after  the  excitation  has  passed.  The  high¬ 
speed  behavior  of  LCRG  with  CR  close  to  2.0  was  similar  to  that  of 
high-contact-ratio  gears. 

A  comparison  of  the  dynamics  of  “transition”  gears 
(CR  =  1.952,  2.000,  and  2.145)  is  shown  in  Fig.  5.  The  dynamic 
curve  for  CR  =  1.952  shows  a  trend  similar  to  that  for  CR  =  1.868 
in  the  previous  figure.  At  a  CR  of  exactly  2  there  will  be  almost  no 
variation  of  the  meshing  stiffness  during  tooth  contact.  As  a  result 
the  dynamic  response  will  be  very  gentle,  even  at  resonant  speeds. 

At  CR  =  2.145  excitation  due  to  the  variation  in  meshing  stiffness 
between  double-  and  triple-tooth  contact  produced  some  dynamic 
effect  at  lower  speeds  (below  5000  rpm).  As  speed  increased  beyond 
5000  rpm,  the  effect  of  the  stiffness  variation  diminished,  as  shown 
in  the  figure. 

Figure  6  compares  the  dynamic  load  factors  for  HCRG 
(CR  =  2.226,  2.306,  and  2.412).  The  dynamic  load  factor  curves  for 
HCRG  show  different  trends  at  the  resonant  speed  of  the  gear 
system  (at  approximately  9300  rpm)  and  its  submultiples  (at  about 
4650  and  3100  rpm).  The  gears  with  the  lowest  contact  ratio 
(2.226)  had  the  highest  dynamic  load  at  submultiple  speeds,  but  the 


Fig.  0— Dynamic  load  factor*  tor  high -contact-ratio  gear*. 
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Fig.  7. — Effect  of  contact  ratio  on  dynamic  load  factor  at  aystem 
raaonant  apood  and  auOmuftiploa 


trend  reversed  at  the  resonant  speed,  where  the  gears  with  the 
highest  contact  ratio  experienced  the  highest  load.  We  believe  that 
this  phenomenon  is  due  to  excitation  from  the  transition  between 
double-  and  triple-tooth  contact.  For  gears  with  CR  =  2.226  the 
triple-tooth-contact  region  was  shorter  than  that  of  the  two  cases 
with  higher  contact  ratios.  The  excitation  due  to  the  change  in 
meshing  stiffness  acted  like  an  short-duration  impulse,  which  is  more 
effective  at  lower  speeds  than  at  higher  speeds. 

Contact  ratio  effects  on  the  dynamic  load  at  the  resonant 
speed  (designated  wn)  and  at  certain  submultiples  (1/2,  1/3,  and 
1  /4  of  u>n)  are  illustrated  in  Fig.  7.  Because  the  gear  mesh  stiffness 
varied  with  the  contact  ratio,  the  resonant  speed,  which  corresponds 
to  the  natural  frequency  of  the  system,  also  varied  with  the  contact 
ratio.  (For  the  data  shown  in  Fig.  7,  the  resonant  speed  ranged 
from  about  8400  to  10  000  rpm.)  Each  curve  in  Fig.  7  was  pro¬ 
duced  from  200  data  points  representing  the  different  contact  ratios. 
The  dynamic  load  factors  were  found  from  speed  sweeps  like  those 
shown  in  Figs.  4  to  6. 

The  data  in  Fig.  7  may  be  grouped  into  three  zones:  In  zone  1 
(CR  £  1.7)  the  dynamic  load  factor  at  resonant  speed  was  nearly 
constant  at  approximately  2.0.  For  the  submultiples  of  uB  the 
dynamic  load  factor  oscillated  around  a  level  approximately 
25  percent  less  than  the  value  of  un.  In  zone  2  (a  transition  zone 
where  CR  ss  1.7  to  2.0)  the  dynamic  load  factor  dropped  rapidly  as 
the  contact  ratio  increased,  reaching  a  minimum  of  0.64  at 
CR  =  2.0.  The  dynamic  load  for  fell  off  first,  and  then  the 
smaller  multiples  of  un  fell  ofT  at  a  higher  value  of  CR.  Finally,  in 
zone  3  (CR  >  2.0)  the  dynamic  load  factor  oscillated  between  0.64 
and  approximately  0.8.  As  a  general  trend  HCRG  have  smaller 
dynamic  effect  than  LCRG. 


(a)  Three-dimensional  representation. 


2.0 


Contact  ratio 
(b)  Contour  diagram. 

Fig.  8  —  Eflect  ot  contact  ratio  and  rotating  speed  on  gear 
dynamic  load  factor. 


For  some  applications  it  may  be  necessary  to  design  a  system 
with  contact  ratios  other  than  the  desired  value  of  2.0.  Moreover, 
the  contact  ratio  of  a  gear  system  may  be  altered  by  variations  in 
load  which  can  cause  shaft  deflections  that  change  the  contact  ratio 
from  the  theoretical  value.  Figure  8  shows  the  effect  of  such 
changes  for  the  gear  system  analyzed  in  this  paper.  The  DANST 
code  can  be  used  to  generate  the  data  required  for  similar  figures  for 
other  gear  systems. 


Figure  7  shows  that  increasing  the  contact  ratio  does  not 
always  reduce  the  dynamic  load.  For  gears  that  operate  over  a  wide 
speed  range  a  contact  ratio  very  close  to  2.0  is  a  good  choice.  For 
gears  that  operate  at  low  speeds  (less  than  about  70  percent  of  wn), 
contact  ratios  of  2.0  or  above  are  good  choices  for  minimizing 
dynamic  load. 


A  design  for  minimum  dynamic  load  can  be  determined  by 
selecting  a  possible  contact  ratio  from  Fig.  8,  taking  into  con¬ 
sideration  the  intended  operating  speeds.  As  an  example,  for  low- 
speed  operation  (up  to  8000  rpm)  an  HCRG  with  a  contact  ratio  of 
approximately  2.0  or  2.4  will  minimize  the  dynamic  effects.  Other 
CR  values  may  create  undesirable  higher  dynamic  loads. 


Because  both  speed  and  contact  ratio  play  an  important  role 
in  determining  the  dynamic  load  of  a  gear  system,  their  combined 
effects  were  investigated.  Figure  8(a)  is  a  three-dimensional 
representation  of  the  dynamic  load  factor  as  influenced  by  the 
contact  ratio  and  the  rotating  speed  (in  the  speed  range  1000  to 
14  000  rpm).  Figure  8(b)  is  a  contour  diagram  of  the  same  data. 
This  is  a  good  tool  for  locating  the  exact  position  of  the  dynamic 
peaks  and  valleys.  Gears  with  minimum  dynamic  load  will  be 
located  in  the  valleys  of  this  figure. 


Note  that  above  the  resonant  speed  of  the  gear  system  the 
contact  ratio  effect  on  gear  dynamics  is  diminished.  This 
phenomenon  is  more  apparent  in  LCRG  than  in  HCRG.  Very  low 
contact  ratios  (CR  <  1.30)  produce  high  dynamic  loads  throughout 
most  of  the  speed  range  and  therefore  should  be  avoided. 


CONCLUSIONS 


As  the  figure  shows,  the  dynamic  load  factors  were  generally 
significantly  higher  {or  LCRG  than  for  HCRG.  Dynamic  peaks 
were  found  at  the  gear  system  natural  frequency  and  its  sub¬ 
multipies.  However,  near  CR  =  2  the  dynamic  effects  were  mini¬ 
mal. 


The  effect  of  the  contact  ratio  on  spur  gear  dynamic  load  was 
investigated.  Contact  ratios  ranging  from  1.20  to  2.40  were 
obtained  by  varying  the  length  of  the  tooth  addendum.  Other 
parameters  that  can  affect  the  contact  ratio  were  held  constant. 

The  following  conclusions  were  drawn  from  this  investigation: 
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1.  Dynamic  load  is  significantly  lower  for  bigh-contact-ratio  gears 
than  for  low-contact-ratio  gears. 

2.  Over  a  wide  range  of  operating  speeds  a  contact  ratio  close  to  2.0 
minimizes  dynamic  load. 

3.  For  low-contact- ratio  gears  in  general,  increasing  the  contact 
ratio  reduces  the  dynamic  load.  The  most  significant  effect  occurs 
at  contact  ratios  of  1.80  and  higher. 

4.  For  high-contact-ratio  gears  the  best  value  of  the  contact  ratio 
depends  on  the  operating  speed.  Increasing  the  contact  ratio  does 
not  always  reduce  the  dynamic  load. 

5.  At  speeds  much  greater  than  the  natural  resonant  speed  of  the 
gear  system,  the  contact  ratio  has  much  less  effect  on  the  dynamic 
load. 
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